The concept of rejecting the null hypothesis for definitively detecting a signal was extended to spectrum space for multiexponential reconstruction. The novel extension was applied to the problem of detecting the myelin signal, which is believed to have a time constant below 40ms, in T2 decays from MRI's of the human brain. It was demonstrated that the extension allowed the detection of a signal in a relaxation spectrum using only the information in the data, thus avoiding any potentially unreliable prior information. The extension was implemented both explicitly and implicitly for simulated T2 measurements. The explicit implementation assessed the extension's performance with and without prior information with the prior information being the nonnegative relaxation spectrum assumption. The extension was also implemented implicitly with a data conserving multiexponential reconstruction algorithm that used left invertible matrices. As expected, the implicit and explicit implementations demonstrated similar characteristics in detecting the myelin signal. When the relaxation spectrum was assumed to be nonnegative, the novel extension required signal to noise ratios (SNR) approaching 1000 in the T2 decays for detection of the myelin signal with high confidence. When the relaxation spectrum was not assumed to be nonnegative, the SNR requirements for a detection with high confidence increased by a factor of 25. The study demonstrated the robustness and reliability of extending the concept of rejecting the null hypothesis to relaxation spectrum space. The study also raised serious questions about the susceptibility of the nonnegative least squares (NNLS) reconstruction algorithm, and similar multiexponential reconstruction algorithms, to false positive detection of the myelin signal.
I. INTRODUCTION
Multiexponential reconstruction has been used extensively in the reconstruction of relaxation spectra from T2 decays measured in vivo using MRI. However, as is widely understood in the literature, a wide variety of relaxation spectrums can be consistent with the same measured decay (IstratovAA1999, ParkerRL2005, BerteroM1991, WhittallKP1989, WhittallKP1991). This nonuniqueness is caused by both the noise in the measured decay and the finite number of points at which the decay was measured.
A central problem in detecting a signal arises when some of the relaxation spectra consistent with the data have the signal of interest and others do not. As the information in the data only provides sufficient information to assign a probability density, rather than a probability, to a spectrum (see the Theory section), it is impossible to assign probabilities to the existence of the signal of interest based on the information in the data alone. It is common practice in the literature to introduce information in addition to the data to assign probabilities (PressWH1992 p 804). Such additional information is often referred to as prior information. In situations where spectra both with and without the signal of interest are consistent with the data, this additional information can determine whether the signal of interest is categorized as detected or not detected. If prior information is not available or unreliable, detection of the signal of interest becomes problematic. In particular, unreliable prior information can lead to a highly reproducible but false positive detection of signal, as will be demonstrated below.
To allow the detection of a signal of interest with or without the use of prior information, this paper introduces the novel concept of extending the statistical concept of rejecting the null hypothesis to spectrum space. The null hypothesis in spectrum space is that the data is consistent with a relaxation spectrum that does not have the signal of interest. If the data can reject the null hypothesis to a high confidence level it follows that all the spectra consistent with the data have the signal of interest and the detection is definitive.
The detection of the myelin signal in in vivo T2 decays from the human brain will be used to demonstrate rejecting the null hypothesis in spectrum space both explicitly and implicitly. As is common practice in the literature, a signal of interest below 40ms in the reconstructed relaxation spectrum will be considered to be from myelin water. Reliable measurement of the myelin signal, independent of the other water in the brain, would provide a means to study how the myelin is affected in diseases such as multiple sclerosis (VavasourIM2000, MooreGRW2000) and schizophrenia (FlynnSW2003). Therefore, we can reject the null hypothesis for the myelin signal, and thus provide a definitive detection, by showing a particular T2 decay is not consistent with zero signal below 40ms.
The robustness and reliability in the detection and measurement of signal of the Fourier transform was the motivation for both the implicit and explicit form of the extension of rejecting the null hypothesis to spectrum space. The fast Fourier transform (FFT), which is a form of the Fourier transform routinely used in spectral analysis, can be represented as multiplication by a left invertible matrix. A signal at a single frequency is considered definitely detected in a spectrum reconstructed by an FFT if it can be shown to be well above the noise. It is routine practice to test the null hypothesis that the single real variable that represents the amplitude of a single frequency is not zero (PressWH1992 p 609). As the FFT has the properties of a left invertible matrix, the test of the null hypothesis can be transformed back from the frequency spectrum space to the original data (CoverKS2006). If the test is preformed on the original data it will be referred to as an explicit test. If it is performed on a reconstructed spectrum by testing a single variable it will be referred to as an implicit test.
Prior information that is often invoked in the reconstruction of multiexponential spectra from T2 decays is that the spectra are nonnegative. There is strong experimental and theoretical support for this assumption. And as will be demonstrated, this assumption greatly reduces the signal to noise ratio (SNR) required in a T2 decay to detect signals of interest.
In spectroscopic analysis it is also common practice to fit individual peaks of a frequency spectrum to estimate the concentrations of individual metabolites. Such fits take advantage of prior information to try and improve the quality of the estimate. The multiexponential reconstruction algorithms currently used in estimating relaxation spectra is similar to these fitting algorithms, rather than the FFT, in that they use prior information to find "best fit" spectra to the data (WhittallKP1989, WhittallKP1997, IstratovAA1999, VavasourIM2000). As multiplication by a windowing function is often used before an FFT to suppress side lobes (PressWH1992 p 554), the FFT is better thought of as a projection of the data into frequency spectrum space rather than a best fit. The data conserving multiexponential reconstruction algorithm used in this paper (CoverKS2006) for implicit testing of the null hypothesis was designed with the intent of implementing same projection of the data as the FFT but for multiexponential reconstruction.
Nonnegative least squares (NNLS) (LawsonCL1974) is likely the most commonly used algorithm to reconstruct a relaxation spectrum from a multiexponential decay for myelin signal detection. NNLS finds the relaxation spectrum that has the least squares fit to the data with the added constraint that the relaxation is nonnegative. In practice, the NNLS algorithm without regularization usually produces relaxation spectra with a few very narrow peaks.
While the nonnegative assumption in NNLS has strong experimental and theoretical support, the least squares assumption does not. The least squares assumption, which is a special case of finding the relaxation spectrum with the smallest χ 2 measure consistent with the data, has very little experimental support for multiexponential reconstruction (IstratovAA1999). Thus, it is unclear how reliable reconstruction algorithms will be that combined both the nonnegative and least squares prior information.
The regularized form of NNLS it is widely used in the detection and measurements of the myelin signal (WhittallKP1989, VavasourIM1998, VavasourIM2000). While regularization broadens the peaks slightly over nonregularized NNLS, regularized NNLS still tends to reconstruct spectra with the fewest number of peaks consistent with the data. Several publications have demonstrated its sensitivity to myelin signal detection (WhittallKP1989, WhittallKP1991, GrahamSJ1996) by showing its resistance to false negative detections.
However, little has been published in the literature on its susceptibility to false positive myelin signal detection (CoverKS2006). This is unfortunate because methods that have maximum sensitivity tend to have less specificity, leaving such methods susceptible to false positive detections (AltmanDG1991). While NNLS is the particular reconstruction algorithm used for comparison in this manuscript, other multiexponential reconstruction algorithms may also be susceptible to false positive signal detection. While this paper questions the reliability of the current practices in detection and measurement of the myelin water signal in T2 decays, it does not question the existence of the myelin water signal.
The rest of this paper compares the explicit and implicit forms of testing the null hypothesis by applying both tests to the myelin water detection problem to demonstrate both methods yield similar confidence levels of detection. The implicit forms used the data conserving multiexponential reconstruction matrices, which are left invertible, to reconstruct the relaxation spectra (CoverKS2006). The null hypothesis method is then compared to current practices in in vivo myelin water signal detection including the commonly used regularized NNLS algorithm.
Only simulated data will be used in this paper. However, experimental data showing the detection of the myelin signal from a in vivo T2 measurements from a human brain using the data conserving multiexponential reconstruction algorithm has been presented previously (CoverKS2006). As will be demonstrated in this paper, the data conserving multiexponential reconstruction algorithm implements testing of the null hypothesis implicitly.
A comparison of the data conserving multiexponential reconstruction algorithm and current practices including NNLS has been published previously (CoverKS2006). However, this comparison was for decays with a SNR 1000. For SNR of 1000, the worst problem found was that NNLS would reconstruct a low shoulder of the main water peak into a separate myelin peak. However, as this was a case of false peak detection rather than false signal detection, the problem was not particularly serious. The present paper considers the reconstruction problem were the SNR is only 100 which is closer to current practices in in vivo T2 measurements than 1000.
II. THEORY
The multiexponential forward problem, as it is routinely stated, has the form
where d n is the data value sampled at time point t n , n=1,...,N, and where N is the number of data points, τ is time constant, m O (τ) is a continuous function called the original relaxation spectrum, and n n is the additive noise at time point t n . The most common current practice in vivo MRI measurements is to measure the decay at 32 time points with a spacing of 10ms between each time point. The SNR of the T2 decays is usually defined as the value of the first point in the decay divided by the standard deviation of the noise. While reliable SNR estimates for T2
decays are difficult to find in the literature (MenonRS1990), from the author's experience and discussions with other researchers, under current practices in vivo measurement, the SNR is in the range of 100 to 300 (WhittallKP1999). The concept of ideal signal and noise will be used throughout this paper. The decay signal will be considered ideal when the original relaxation spectrum generating the signal is constant over time and free of artifacts. Noise will be considered ideal if it is Gaussian, stationary, uncorrelated, additive and has a mean of zero. The complications introduced into reconstruction due to non ideal signal, such as even echo rephasing, or non ideal noise, such as Riccian noise, is beyond the scope of this paper.
At the heart of most multiexponential reconstruction algorithms is a model spectrum's consistency with the data. The most commonly used measure of the misfit between measured data, d n , and data yielded by a model spectrum, d n M , is the χ 2 measure (PressWH1992 p 806).
The equation for calculating the χ
where σ n is the standard deviation of the noise in measurement d n and the noise is assumed to be ideal.
If the proposed model spectrum is identical to the original spectrum, then the probability distribution for χ 2 depends only on the statistics of the noise. Since the noise is assumed to be ideal, the probability distribution for χ While it is possible to assign a probability distribution to χ 2 , provided the statistics of the noise are known, the information in the data alone does not provide sufficient information to assign a probability to each model relaxation spectrum. However, it does provide sufficient information to calculate a probability density from it's χ 2 fit to the data (Tarantola1987),
where k is a normalization constant. The difference between probabilities and probability densities are often overlooked in discussions on image reconstruction. You need additional prior information to turn a probability density into a probability. Unfortunately, the nonnegative prior information alone is generally insufficient information to determine probabilities. Thus, confidence levels can only be assigned for a specific χ 2 and all model spectra with the same χ 2 will have the same confidence level.
A useful property for characterizing the reconstruction matrices is the noise gain (CoverKS2006). If the noise of the measured data is ideal and has a known standard deviation it is easy to calculate the noise at each point in a reconstructed spectrum if the reconstruction algorithm is a matrix multiplication. For each row of a reconstruction matrix with coefficients a n , the standard deviation of the noise of the corresponding point in the reconstructed spectrum Provided all data points have ideal noise and equal standard deviations, the noise gain is the factor by which the noise is increased during the reconstruction by this particular row. One of the useful properties of the reconstruction matrices used in this paper is that all rows of a matrix have the same noise gain. This property yields reconstruction spectra where the standard deviation of the noise is constant over the whole spectrum.
III. METHODS
The analysis in this study consisted of several steps. The first step was the generation of simulated T2 decays, for use as original spectra, to aid in the assessment of the various detection methods of the myelin signal. The second step demonstrated common practices in multiexponential reconstruction currently used in the detection of the myelin signal so they could be compared with testing the null hypothesis. In the second step, several versions of regularized NNLS were used to reconstruct simulated decays. The third and fourth steps evaluated the detection abilities of rejecting the null hypothesis both explicitly and implicitly.
The explicit detection was conducted 1) with only the information in the data and 2) with the additional prior information that the relaxation spectrum was nonnegative. The implicit detection used the data conserving reconstruction multiexponential algorithm described in Cover (CoverKS2006) and assumed the nonnegative relaxation spectrum assumption only when interpreting the resulting relaxation spectrum.
As will be described below, a total of five versions of the NNLS algorithm were used in this paper. Three regularized versions, as described in the literature or slightly modified from the literature, were used to reconstruct T2 curves. A fourth version of NNLS, which was not regularized, was used to test the null hypothesis explicitly and will be referred to as the null hypothesis version. A fifth version of the NNLS, which was also not regularized, was used to design a original relaxation spectrum, referred to as the broad peak spectrum, that was susceptible to false positive myelin signal detection. The fifth version of NNLS will be referred to as the false negative version.
A. Original spectra
Two original spectra were used to generate simulated T2 decays for this paper. The first was a simple model of a white matter relaxation spectrum found in the literature (WhittallKP1999). In the original spectrum, the myelin and main water peaks were located at 20ms and 80ms respectively with the main peak having 9 times the amplitude of the myelin peak. This original spectrum will be referred to as the biexponential original spectrum. The second original spectrum used to generate decays was intended to be difficult to reconstruct. It was designed with the intent of causing reconstruction algorithms to generate false positive myelin signals if at all possible. The second original spectrum will be referred to as the broad peak spectrum.
The broad peak spectrum was generated using a version of NNLS that was inspired by the "false negative" version of NNLS in Cover (CoverKS2006). The version was trying to suppress the myelin signal that was known to exist in the simulated decay. The basic nonregularized NNLS was modified with the addition of several constraints. The additional constraints were intended to reconstruct a relaxation spectrum that was roughly similar to a main water peak.
The additional constraints were that 1) the relaxation spectrum below 60ms was constrained to zero, 2) the spectrum was constrained to increase monotonically from 60ms to 80ms and 3) decrease monotonically above 80ms. This version of NNLS was applied to 20 simulated T2 decays generated by the biexponential original spectrum and additive noise so the T2 decay has a SNR of 100. The decays had 32 sample points with a spacing of 10ms. Of the 20 reconstructed spectra, the reconstructed spectrum with the least broad peak that was still a reasonable fit to the decay was selected for use as the broad peak spectrum. The least broad peak was selected because it best approximated a single main water peak.
Under current practices for measuring relaxation spectra in vivo, it is common to sample the T2 decays at 32 echoes with a 10ms spacing and then reconstruct using a regularized NNLS algorithm (GrahamSJ1996, MooreGRW2000, VavasourIM1998, WhittallKP1997). Therefore, for comparing of the data conserving reconstruction matrices to current practices, the NNLS algorithm will only be used to reconstruct 32 echo T2 decays with 10ms spacing and an SNR of 100. In contrast, the multiexponential reconstruction matrices will reconstruct decays with 128 echoes at 10ms spacing and SNR's of 100 and 1000. While at first pass this may seem unfair, the multiexponential reconstruction matrices requires higher quality data for reliable myelin signal detection than is assumed by current practices. However, as will be demonstrated, the reliability of current practices in detecting the myelin signal, in at least some cases, has been substantially over estimated.
B. Reconstruction using NNLS
Three versions of the regularized NNLS algorithm were then used to reconstruct the decays.
The details of the 3 versions are in line with those commonly used in the literature. All three versions used the same regularization (WhittallKP1997). First, the minimum χ To access the performance of the versions of the NNLS algorithm, 20 realization of the decay from the broad peak for SNR of 100 were generated. Twenty realizations were chosen because 20 was a large enough number to provide adequate statistics but small enough that when all 20 reconstructed relaxation spectra were plotted on the same graph they gave a reasonable indication of the range of the reconstructed spectra.
It is common in the literature to estimate the myelin signal from a relaxation spectrum by integrating a reconstructed relaxation spectrum over all signal below 40ms. For this paper, this value will be referred to as the "short time constant signal" (STCS).
C. Testing the null hypothesis explicitly
The null hypothesis was that there was no signal below 40ms in an original relaxation spectrum of which the T2 decay had been measured. The null hypothesis was explicitly tested in two different forms. The first form used only the information in the data, thus with no prior information. The second form included the additional prior information that the relaxation spectrum was nonnegative. Both forms of the test used standard reconstruction algorithms to find relaxation spectrum with the lowest χ 2 fit to the decays. In both reconstruction algorithms, the relaxation spectrum was constrained to zero below 40ms.
The reconstruction algorithms differed in how they handled the relaxation spectra above 40ms.
The form of the null hypothesis test with no prior information had no constraints on the spectra above 40ms. Thus the null hypothesis could be tested with a reconstruction algorithm that found the spectrum with the smallest χ 2 fit to each decay. The null hypothesis test with the nonnegative spectrum constraint was implemented by the NNLS algorithm that, as was mentioned above, found the χ 2 fit to each decay with the constraint the relaxation spectrum was nonnegative.
Both forms of the null hypothesis test were applied to 100 simulated T2 decays generated from the biexponential spectrum with a range of SNR. The decays had 32 echoes spaced at 10ms. For each SNR, the mean and standard deviation of the 100 χ 2 were calculated. The statistics of the χ 2 was then compared to the probability distribution function of the χ 2 due to noise to determine the SNR required to reject the null hypothesis both with and without the nonnegative constraints.
D. Testing the null hypothesis implicitly
The null hypothesis was implement implicitly using the reconstruction matrices for the data conserving reconstruction algorithm as described in Cover (CoverKS2006). The decays were assumed to have been sampled at 128 evenly spaced echoes. In the calculation of the reconstruction matrices, the continuous relaxation spectra were approximated by monoexponential decays spaced at 50 time constants per decade ranging from 0.1ms to 10,000s.
The reconstruction matrices were calculated for noise gains of 1, 3.16, 10, 31.6, 100, 316 and 1000. Both the point spread functions and resolution functions for each of the reconstruction matrices were calculated and plotted.
The data conserving nature of the reconstruction matrices meant that no prior information was included in the reconstruction of the relaxation spectra. However, as will be demonstrated, the nonnegative constraint can be easily taken into account during the interpretation of the reconstructed spectra.
To understand the difference between the definition of a point spread function and a resolution function it is helpful to consider a telescope aimed at a bright star. The point spread function is the image of the bright star that would be projected on the telescope's CCD. The resolution function is a related concept but slightly different. It is the sensitivity of a single pixel in the CCD to the various regions of the sky. Thus, the resolution function gives a clear indication of how much signal, other than from the intended region, leaks into each pixel of a CCD. Ideally, both the point spread function and resolution function have narrow Gaussian shapes indicating well localized measurements.
All optimization in this paper was performed using AMPL (FourerR1993). Figure 1 shows the broad peak spectrum -one of two original spectra used to generate simulated decays for this paper. Key characteristics of the broad peak spectrum are that it has no signal below 60ms and only a very small signal above 90ms. The broad peak is wider than most of the original spectra used to assess the performance of multiexponential reconstruction algorithms for in vivo T2 decays (IstratovAA1999, WhittallKP1989, WhittallKP1991, GrahamSJ1996, WhittallKP1999).
IV. RESULTS

A. The broad peak original spectra
The mean and standard deviation of the χ 2 for the 20 reconstructed spectra from which the broad peak spectrum was chosen were 28±6. As these values fall within or below the range of χ 2 values that are considered consistent with the data (32±8), there was little problem finding relaxation spectra consistent with the biexponential T2 decays that had no signal below 60ms. Figure 2 shows the NNLS reconstructions of simulated decays generated from the relaxation spectrum in Fig 1 with (Fig 1.) . Table 1 gives the confidence level at which the null hypothesis could be rejected for a range of SNR assuming no prior information was included in the myelin signal detection. To be considered statistically significant, a null hypothesis has to be rejected by at least 2σ (AltmanDG1991). The confidence level exceeded 2σ when the decay SNR exceeded 12,580. Table 2 gives the confidence level at which the null hypothesis could be rejected for a range of SNR assuming the relaxation spectra was nonnegative. A T2 decay with an SNR of at least 500 was required to reject the null hypothesis at a confidence level of 2σ.
B. Reconstruction using NNLS
C. Testing the null hypothesis explicitly
Thus, when decays are measured at 32 echoes spaced at 10ms and with the null hypothesis that the relaxation spectrum below 40ms is zero, the prior information that the relaxation spectrum is nonnegative reduce the SNR required to reject the null hypothesis by a factor of 25. Based on these simulations, and assuming a nonnegative relaxation spectrum, to detect significant changes in signal below 40ms, rather than just detecting its existence, will require SNR approaching 1000 or higher. Figure 3 shows the point spread functions for each of the seven reconstruction matrices calculated. The point spread functions were generated by monoexponential decays with time constants of 10, 20, 50, 100, 200, 500 and 1000ms and plotted for each reconstruction matrix.
D. The reconstruction matrices
The linearity of the reconstruction matrices combined with the shape of the point spread functions allow an interpreter to quickly make a rough estimate of how any original spectrum reconstructed by a particular reconstruction matrix will appear.
The point spread functions show an increase of resolution by more than a factor of 2 between the reconstruction matrix with the lowest and highest noise gains. However, noise gain ranges from 1 for the reconstruction matrix with the least resolution to 1000 for the reconstruction matrix with the highest resolution. Thus the doubling of the resolution comes at a very high cost in terms of SNR of the decays. This high cost has been previously reported in the literature (IstratovAA1999, CoverKS2006). Figure 4 displays the resolution functions for the seven reconstruction matrices. Each resolution function was generated from its corresponding row in the reconstruction matrix and precisely characterizes its resolution. Each row in a reconstruction matrix also corresponds to a point in the reconstructed spectrum. Thus the resolution function gives the precise resolution of the corresponding point in the reconstructed spectrum.
Comparison of the resolution functions with the point spread functions of Fig. 3 shows a similar increase in resolution with noise gain. The roughly Gaussian shape of the resolution functions ensure that very little signal, other than that near the peak of the resolution function, contributes to its associated value in a reconstructed spectrum.
The resolution functions of the matrices presented in this paper have a few special properties that are worth keeping in mind. First, the area of the resolution functions for the reconstruction matrices presented in this paper are always unity. Thus, the value in a relaxation spectrum is a localized average of original spectrum that generated the decay. Second, the peak of the resolution function is always located at the time constant corresponding to the resolution function. This property ensures that the resolution function is averaging the correct range of time constants of the original spectrum. Thirdly, the resolution functions decrease monotonically from the peak and are always non zero. This property allows the resolution functions to perform a more effective job in resolving the original spectrum. Figure 5 shows the spectra reconstructed with the data conserving reconstruction matrices from a decay generated by the biexponential original spectrum. The SNR of the decay was 1000. All of the spectra were reconstructed from the same decay. The difference between the reconstructions is that the noise gain ranges from 1.0 to 31.6. The standard deviation of the noise in each reconstructed spectrum is display as error bars to the left of each plot. The error bars show 1 standard deviation above the middle bar and one below. The standard deviation can be calculated reliably as we know the standard deviation of the ideal noise in the decay and the noise gain of each of the reconstruction matrices.
E. Testing the null hypothesis implicitly using reconstruction matrices
In Fig. 5 the main water peak stands out as it is much larger than the noise. However, are must be taken to reliably detect the smaller myelin signal. The reconstructed spectrum must have sufficient resolution so that the myelin signal does not substantially overlap with the signal from the main water peak. Examination of the point spread functions and resolution functions shows that the reconstructed spectra with G=10 and G=31.6 have sufficient resolution provided the original relaxation spectra are nonnegative. At 20ms both spectra have a positive signal.
However, only for G=10 does the signal stand several standard deviations above the noise, clearly rejecting the null hypothesis in relaxation space, and yielding a definitive detection. Figure 6 shows the reconstruction of the same biexponential decay as Fig. 5 but with SNR of the decays of 100 instead of 1000. None of the reconstructions have the combination of resolution and SNR to allow a reasonable detection of the myelin signal. However, the noise is so high it is impossible to rule out its existence either. In essence, the reconstructed spectra are saying that the decay is of insufficient quality to determine whether the myelin signal exists or not.
For the simulated data used in this paper the SNR of the decays is known. However, in practice, estimating the SNR in vivo can be difficult. Reconstruction matrices provide a simple way to estimate the noise in a T2 decay provided ideal noise is assumed. The G=31.6 shows only noise below 30ms. It is possible to estimate the noise in the reconstructed spectrum from this interval and then divide by the noise gain to find the noise of the T2 decay. The noise estimate of the T2 decay can then be used to estimate the noise in another reconstructed spectra of the same T2 decay but with a lower noise gain. Figure 7 shows the reconstructed spectrum for the broad peak original spectrum where the T2 decay had an SNR of 1000. It is clear from the G=10 reconstruction there is little or no myelin signal at 20ms. Figure 8 also shows a T2 decay from the same original spectrum however the SNR was 100. The reconstructions are much too noisy to say whether the T2 decay is consistent with a myelin signal or not.
V. DISCUSSION
A. Reconstruction with NNLS
The standard deviation of the STCS indicates a highly reproducible myelin signal detection for the third version but no detection for the second version of the regularized NNLS. This is in spite of the fact that both versions reconstructed the same T2 decays. As mentioned above, both the second and third versions are used in the literature. The first version of the regularized NNLS yielded a partial detection. High reproducibility of signal in a reconstructed spectrum is often assumed to indicate a detection with high confidence. This assumption is true for the FFT and is also true for the spectra reconstructed with the multiexponential reconstruction matrices because of data conservation and the implicit rejection of the null hypothesis. However, the results of this paper clearly indicate that, for the NNLS algorithm, a highly reproducible signal in a spectrum does not ensure a reliable detection. NNLS detections can depend critically on the underlying least squares prior information. But if the prior information is unreliable the reconstructed spectrum can have a highly reproducible but false positive signal.
An argument that is often put forward in support of claims of the reliability of current practices is that the reduction in the reported myelin signal correlated with advanced pathology in postmortem formalin-fix brain (MooreGRW2000, LauleC2006). Strong evidence has been presented for the correlation between the reduction in the myelin signal as determined with NNLS and increased pathology. However, as is well known, the increased pathology also has a major impact on the main water peak. As demonstrated in this paper, when reconstructing with NNLS, the shape of the main water peak can heavily influence the measured myelin signal.
Crucially, the reconstructed NNLS spectrum can give no indication that influence has taken place. Thus, the reported of the correlation between reduced myelin signal and advanced pathology could actually be detecting the well known correlation between advanced pathology and the main water peak.
Throughout this paper, reconstruction using NNLS has had decays with 32 echoes at 10ms spacing while the multiexponential reconstruction matrices has decays with 128 echoes spaced at 10ms. The increase from 32 to 128 echoes improved the detection of the myelin signal with the multiexponential reconstruction matrices. Additional simulations not included in this paper have shown that, while the reconstruction matrices can also detect the myelin signal with only 32 echoes at 10ms, the detection is borderline. The extra 96 echoes allow signal from the main peak leaking into the myelin signal to be reduced.
B. Testing the null hypothesis explicitly
The explicit tests of the null hypothesis for the myelin detection problem clearly demonstrated the simplicity with which the test can be applied. That no prior information was required to implement the test enhances the confidence in any detection. The ability to include prior information, such as the nonnegative relaxation spectrum constraint, demonstrated the flexibility of the explicit test and the usefulness of the prior information, assuming it is valid.
The 500 SNR for a statistically significant detection of signal below 40ms, assuming the nonnegative constraint holds, places a lower limit on the SNR required for reliable measurement of the myelin signal. Measuring changes in the myelin signal will probably require more SNR. The 25 fold increase in the SNR required when the nonnegative relaxation spectrum constraint is removed clearly demonstrates the importance of the nonnegative constraint.
C. Reconstruction with the reconstruction matrices
Figures 5 and 6 show the biexponential T2 decays reconstructed with the reconstruction matrices for SNR of 1000 and 100 respectively. Figure 5 shows that for SNR of 1000 the myelin signal can be measured reliably if a nonnegative relaxation spectrum is assumed.
However, Fig. 6 shows that for SNR of 100 the noise in the reconstructed spectrum is too large to reliably measure the myelin signal. Thus the results for the implicit implementation of the null hypothesis test bound those of the explicit results which yielded an SNR of 500 assuming the nonnegative assumption. The results may be slightly different as the explicit test uses a sharp cutoff at 40ms where the implicit test uses the weighted regions of the original spectrum provided by the resolution functions.
Figures 7 and 8, which are reconstructions of the broad peak spectrum, demonstrate that when there is no myelin signal in the original spectrum, the reconstruction matrices still yield reliable results, in contrast to the NNLS algorithm.
A key property of the multiexponential reconstruction matrices is how well they handle the case where the data is consistent with both the existence and non existence of a particular signal. For example, as shown in Figure 2 , some decays can be both consistent with the existence and non existence of the myelin signal. While reliable prior information maybe able to rule out one of these possibilities, it is important for an interpreter to understand whether the data on its own is consistent only with the existence or non existence of a particular signal. Spectra reconstruction with the reconstruction matrices makes this point clear to an interpreter.
The use of the nonnegative assumption only during the interpretation, and not during image reconstruction, has the added advantage in the detection of artifacts. Since the reconstructed spectra should be nonnegative, any negative features indicate a deviation from the nonnegative assumption. Only artifacts, such as even-echo rephasing, should yields negative features. Thus, any negative features, other than noise, in a spectrum reconstructed with the data conserving reconstruction matrices are likely an indication of an artifact.
D. Comparison with the FFT
The data conserving multiexponential reconstruction matrices were claimed to fill the roll in multiexponential reconstruction that the FFT fills in frequency reconstruction. While detailed mathematical arguments have been presented previously justifying this claim (CoverKS2006) the results of this paper have re-enforced this claim by demonstrating the similarities in practice.
The only information used by both the FFT and the multiexponential reconstruction matrices is the information in the data. Examination of both algorithms shows they only incorporate the values and sampling information in the data. Also, they both allow trading off between resolution and SNR. In contrast, the most commonly used version of NNLS (version 2 in this paper) assumes there is no signal below 15ms. Removing this assumption, as was done in the first version of the regularized NNLS, yielded a myelin signal that went from nearly zero to half the expected value. The third version, which included the prior information that the relaxation spectrum had 4 discrete peaks, yielded a highly reproducible myelin signal. Thus, the prior information plays a major role in NNLS indicating it does not have the resistance to bad prior information assumptions shared by both the FFT and the reconstruction matrices. Still, the FFT and the data conserving reconstruction matrices both allow prior information to be invoked when interpreting the reconstructed spectra.
E. Spectra reproducible with noise
While the main purpose of this paper was to demonstrate the usefulness of extending the statistical test of rejecting the null hypothesis to model space and its implicit use with the data conserving multiexponential reconstruction matrices, the results also raised questions about the reliability of measurements of the myelin signal in the literature. As mentioned above, it is common practice currently to measure myelin signal in vivo using T2 decays with SNR close to 100 in combination with the NNLS reconstruction algorithm. However, as demonstrated in this paper, current practices can lead to highly reproducible false positive myelin signal detection.
F. Summary of discussion
Extending the concept of rejecting the null hypothesis to relaxation spectrum space has been shown to be a simple and robust method for detecting relaxation signals below 40ms in multiexponential decays. The avoidance of prior information in the statistical test allows errors due to unreliable prior information to be avoided. Using the multiexponential reconstruction matrices, which were data conserving, to implicitly test the null hypothesis made testing simple and intuitive to implement. The results suggest that the multiexponential reconstruction matrices should play the same roll in reconstructing multiexponential spectra as the fast Fourier transform plays in reconstructing frequency spectra.
The results of this paper also raise questions about the reliability of myelin signal measurements reported in the literature using current practices for in vivo measurements. While the susceptibility of NNLS to false positive myelin signal detection was demonstrated, other multiexponential reconstruction algorithms should be examined for similar susceptibilities. In addition, consideration should be given to reanalyzing the results of previous relaxation studies that original reconstructed T2 decays with the NNLS reconstruction algorithm with a technique not susceptible to false positive signal detections Figure 1 . The original spectrum referred to as the broad peak spectrum. It was used to generate the simulated decays for reconstruction. Figure 2 . Three versions of the NNLS reconstruction of the relaxation spectra from a 32 echo simulated decay generated from the broad peak decays with SNR of 100. The false positive myelin signal is highly reproducible when there are only 4 discrete time constants (Fig 3(c) ). 
